We explore the possibility of dynamic wormhole geometries, within the context of nonlinear electrodynamics. The Einstein field equation imposes a contracting wormhole solution and the obedience of the weak energy condition. Furthermore, in the presence of an electric field, the latter presents a singularity at the throat, however, for a pure magnetic field the solution is regular. Thus, taking into account the principle of finiteness, that a satisfactory theory should avoid physical quantities becoming infinite, one may rule out evolving wormhole solutions, in the presence of an electric field, coupled to nonlinear electrodynamics.
Pioneering work on nonlinear electrodynamic theories may be traced back to Born and Infeld, 1 where the latter outlined a model to remedy the fact that the standard picture of a point charged particle possesses an infinite self-energy. Therefore, the Born-Infeld model was founded on a principle of finiteness, that a satisfactory theory should avoid physical quantities becoming infinite. Recently, nonlinear electrodynamics has found a wide range of applicability, namely, as effective theories at different levels of string/M-theory, cosmological models, black holes, and in wormhole physics, amongst others (see 2, 3 and references therein). Relatively to wormhole physics it was found that static spherically symmetric and stationary axisymmetric traversable wormholes cannot exist within nonlinear electrodynamic, mainly due to the presence of event horizons, the non-violation of the null energy condition at the throat, and due to the imposition of the principle of finiteness. 3, 4 In this work, we shall explore the possibility that nonlinear electrodynamics may support time-dependent traversable wormhole geometries. This is of particular interest as the energy conditions are not necessarily violated for evolving wormhole spacetimes.
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The action of (3 + 1)−dimensional general relativity coupled to nonlinear electrodynamics is given by (with G = c = 1)
where R is the Ricci scalar. L(F ) is a gauge-invariant electromagnetic Lagrangian, depending on a single invariant F given by F = F µν F µν /4, where F µν is the electromagnetic tensor. Note that in Einstein-Maxwell theory, the Lagrangian takes the form L(F ) = −F/4π.
Varying the action with respect to the gravitational field provides the Einstein field equations G µν = 8πT µν , with the stress-energy tensor given by
where L F = dL/dF . We shall consider that the spacetime metric representing a dynamic spherically symmetric (3 + 1)−dimensional wormhole, which is conformally related to the static wormhole geometry, 6 takes the form
where Φ and b are functions of r, and Ω = Ω(t) is the conformal factor, which is finite and positive definite throughout the domain of t. To be a wormhole solution, the following conditions are imposed: Φ(r) is finite everywhere in order to avoid the presence of event horizons; b(r)/r < 1, with b(r 0 ) = r 0 at the throat; and the flaring out condition (b − b ′ r)/b 2 ≥ 0, with b ′ (r 0 ) < 1 at the throat. For this particular case, the weak energy condition, which is defined as T µν U µ U ν ≥ 0 where U µ is a timelike vector, is satisfied, 2 contrary to the static and spherically symmetric traversable wormholes.
3,4
Through the Einstein field equation, we obtain the following relationship
which provides the solutions
where α is a constant, and C 1 and C 2 are constants of integration. Now, Ω(t) → 0 as t → ∞, which reflects a contracting wormhole solution. This analysis shows that one may, in principle, obtain an evolving wormhole solution in the range of the time coordinate. A fundamental condition to be a solution of a wormhole, is that b(r) > 0 is imposed. 7 Thus, the range of r is r 0 < r < a = r 0 1 + 1/β 2 , with β = αr 0 . If a ≫ r 0 , i.e., β ≃ r 0 /a ≪ 1, one may have an arbitrarily large wormhole. Note, however, that one may, in principle, match this solution to an exterior vacuum solution at a junction interface R, within the range r 0 < r < a.
Dynamic wormhole spacetimes coupled to nonlinear electrodynamics 3
The electromagnetic field equations take the following form
Taking into account the symmetries of the geometry, the non-zero compatible terms for the electromagnetic tensor are
ν , where F tr = E is the electric field, and F θφ = B, the magnetic field. From the electromagnetic field equations, we deduce the following
with f = (b ′ r − 3b), and q e and q m are constants related to the electric and magnetic charge, respectively. From this solution we point out two observations: (i) the requirement of f 2 Ω 2 r 2 > (32πq e q m ) 2 ; (ii) and E ∝ (1 − b/r) −1/2 , showing that the E field is singular at the throat, which is in contrast to the principle of finiteness.
An interesting case arises considering a pure magnetic field, E = 0, from which we obtain the Lagrangian and its derivative
These equations, together with B = q m sin θ, F = q 2 m /(2Ω 4 r 4 ) and solutions (5) provide a regular wormhole solution at the throat, with finite fields. We emphasize that this result is in close relationship to the regular magnetic black holes coupled to nonlinear electrodynamic found by Bronnikov.
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In conclusion, we have explored the possibility of evolving time-dependent wormhole geometries coupled to nonlinear electrodynamics. It was found that the Einstein field equation imposes a contracting wormhole solution and that the weak energy condition is satisfied. In the presence of an electric field, a problematic issue was verified, namely, that the latter becomes singular at the throat. However, regular solutions of traversable wormholes in the presence of a pure magnetic field were found. Another point worth noting is that we have only considered that the gauge-invariant electromagnetic Lagrangian L(F ) be dependent on a single invariant F . It would also be worthwhile to include another electromagnetic field invariant G ∼ * F µν F µν , which would possibly add an interesting analysis to the solutions found in this work.
